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The Real T i m e  Computer Complex ( R T C C ) ,  a p a r t  o f  t h e  
Miss ion  C o n t r o l  C e n t e r ,  Houston, i s  modeled as a se t  o f  i d e n t i c a l  
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m e t e r s  o f  system b e h a v i o r  a s  a f u n c t i o n  o f  t h e  t o t a l  number o f  
s y s t e m  e l emen t s ,  t h e  number of r e p a i r  c rews ,  and t h e  system 
r e q u i r e m e n t s .  
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1. 
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Washington, D. C. 20036 e 

Models o f  t h e  RTCC - Case 1 0 3  
FROM: J. J .  Rocchio 

TECHNICAL MEMORANDUM 

I. I N T R O D U C T I O N  

The Real Time Computer Complex ( R T C C ) ,  a pa r t  o f  
t h e  Miss ion  Con t ro l  Cen te r ,  Houston (MCCH) c o n s i s t s  o f  a 
number o f  d i g i t a l  computers and a n c i l l a r y  equipment o rgan ized  
t o  s u p p o r t  manned space  f l i g h t  m i s s i o n s .  I n  t h i s  memorandum 
some s imple  p r o b a b i l i s t i c  models o f  t h i s  sys tem are ana lyzed  t o  
p r o v i d e  p a r a m e t e r s  a s s o c i a t e d  w i t h  s y s t e m  a v a i l a b i l i t y  and 
r e l i a b i l i t y .  

The models ( d e s c r i b e d  below) are based on t h e  f o l -  
lowing assumpt ions :  

1. The sys tem c o n s i s t s  o f  N i d e n t i c a l  machines which 
are c o n t i n u o u s l y  o p e r a t i n g .  Eacl-, machine i s  
c h a r a c t e r i z e d  b y  an e x p o n e n t i a l  f a i l u r e  law w i t h  
mean t i m e  between f a i l u r e s  o f  1 / X ,  and an expo- 
n e n t i a l  r e p a i r  law w i t h  mean t i m e  t o  r e p a i r  o f  
l/v. This cor responds  t o  assuming c o n s t a n t  f a i l -  
u r e  and repa i r  r a t e s .  

2 .  A s i n g l e  machine can s u p p o r t  any g i v e n  mis s ion  o r  
mis s ion  phase .  Two machines a r e  a l l o c a t e d  t o  sup- 
p o r t  a c r i t i c a l  miss ion  phase ,  one i n  c o n t r o l  and 
t h e  o t h e r  i n  dynamic s t andby .  I n  t h i s  conf igu ra -  
t i o n  w e  assume p e r f e c t  e r r o r  d e t e c t i o n  and i n s t a n -  
t aneous  s w i t c h i n g  so t h a t  f a i l u r e s  of t h e  pr imary  
machine are n o t  s y s t e m  f a i l u r e s .  I n  a d d i t i o n ,  we 
assume t h a t  miss ion  d e d i c a t e d  machines which f a i l  
can be i n s t a n t a n e o u s l y  r e p l a c e d  ( i f  a d d i t i o n a l  
machines are a v a i l a b l e )  s i n c e  i n  p r a c t i c e  on ly  
about  t e n  seconds are r e q u i r e d  t o  e f f e c t  t h i s .  The 
wors t  c a s e  t o  be cons ide red  i s  t h e  r equ i r emen t  t o  
s u p p o r t  two c r i t i c a l  phases. I n  c o n s i d e r i n g  system 
a v a i l a b i l i t y ,  w e  w i l l  assume t h a t  a machine n o t  i n  
dynamic s tandby can take o v e r  m i s s i o n  s u p p o r t  i n  a 
t i m e  governed b y  an e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  
mean1/6 ( a  mathemat ica l  convenience  s i n c e  i n  r e a l i t y  
t h i s  t i m e  i s  probably c o n s t a n t ) .  

- 
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11. SYSTEM AVAILABILITY 

One of t h e  impor tan t  c h a r a c t e r i s t i c s  o f  t h e  system 
unde r  c o n s i d e r a t i o n  i s  t h e  d i s t r i b u t i o n  o f  t h e  number o f  
machines which w i l l  b e  o p e r a t i n g  as a f u n c t i o n  o f  t h e  f a i l u r e  
and r e p a i r  t ime s t a t i s t i c s .  We c o n s i d e r  t h e  system a t  any 
t i m e  to be i n  any one o f  t h e  N t 1 s t a t e s  SK, K = 0, 1, .... N, 
where K d e n o t e s  t h e  number of machines working;  i . e . ,  when t h e  
sys t em i s  i n  s t a t e  SK,* K machines a r e  o p e r a t i n g  and N-K have 
f a i l e d .  Depending on the  number of  r e p a i r  crews a v a i l a b l e ,  
a l l  o r  some f r a c t i o n  o f  t h e  N-K f a i l e d  machines are i n  t h e  pro-  
c e s s  o f  b e i n g  r e p a i r e d .  

The e a r l i e r  assumptions o f  c o n s t a n t  f a i l u r e  ra te  
and c o n s t a n t  r e p a i r  ra te  a l l o w  t h e  system t o  be modeled as a 
f i n i t e  Markov p r o c e s s .  Consider  t h a t  t h e  system i s  i n  s t a t e  
SK. Thenin a small p e r i o d  of t i m e  A t  i t  can :  

1. remain i n  s t a t e  SK; 

2 .  go t o  s t a t e  SK+l i f  a machine i s  r e p a i r e d ;  o r  

3. go t o  s t a t e  SK i f  a machine f a i l s .  - 
With A t  s u f f i c i e n t l y  small ,  t h e s e  a r e  t h e  on ly  p o s s i -  

b i l i t i e s  s i n c e  t h e  p r o b a b i l i t i e s  o f  m u l t i p l e  f a i lu re s  o r  r e p a i r s  
i n  a t ime i n t e r v a l  A t  a r e  o f  the  o r d e r  of  A t 2  o r  h i g h e r  and may 
t h e r e f o r e  be n e g l e c t e d  i n  a l i m i t i n g  p r o c e s s  as A t  +. 0 .  

The b e h a v i o r  o f  t h e  s y s t e m  may now be d e s c r i b e d  by a 
p r o b a b i l i t y  t r a n s i t i o n  m a t r i x  P,  where p i s  t h e  p r o b a b i l i t y  
t h a t  the  s y s t e m ,  i n  s t a t e  i a t  t ime  t ,  w i l l  go t o  s t a t e  j a t  
t i m e  t + A t .  Assuming N o r  more r e p a i r  crews a r e  a v a i l a b l e ,  
f o r  s t a t e  SK(O<K<N) w e  have: 

i j  

= ( N - K )  p A t  P K , K + ~  

*The p r o b a b i l i t y  t h a t  t h e  s y s t e m  i s  i n  s t a t e  SK a t  t i m e  t 
w i l l  be  denoted  P ( S K , t ) .  
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i . e . ,  t h e  p r o b a b i l i t y  that  a machine i s  r e p a i r e d ;  

= K A A t  P K , K - ~  

i . e . ,  t he  p r o b a b i l i t y  that  a machine f a i l s ;  and 

= 1-[ (N-K)p+KA] A t  PK,K 

i . e . ,  t h e  p r o b a b i l i t y  t h a t  n e i t h e r  a f a i l u r e  n o r  a r e p a i r  o c c u r s .  
The t r a n s i t i o n  m a t r i x  i s  completed by n o t i n g  t h a t :  

= l - N h A t  PN,N 

P N , N - ~  = N A A t  

and 

= l - N p A t  p0,o 

= N p A t  P 0 , l  

F i g u r e  1 i l l u s t r a t e s  t h e  system model. 
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If w e  l e t  t h e  i n i t i a l  s t a t e  o f  t h e  s y s t e m  be s p e c i -  
f i e d  by  a p r o b a b i l i t y  v e c t o r  E ( ' ) ,  t h e n  it can be shown t h a t  
t h e  p r o b a b i l i t y  v e c t o r  c h a r a c t e r i z i n g  t h e  system a f t e r  n s t e p s ,  
p(n)  i s  g i v e n  b y :  

It may a l s o  be shown t h a t  

l i m  pn = w 

where each  row of  W i s  a p r o b a b i l i t y  v e c t o r  E, which sa t i s f ies  

or 

- w [ P - I ]  = 0 

The v e c t o r  w i s  c a l l e d  t h e  f i x e d  p o i n t  of t h e  Markov p r o c e s s  and 
t h e  e l e m e n t s  of w may be i n t e r p r e t e d  as t h e  e q u i l i b r i u m  p r o b a b i l i -  
t i e s  of  t h e  states of t h e  p r o c e s s . *  

*See f o r  example F i n i t e  Mathematics w i t h  Bus iness  Appli-  
c a t i o n s ,  J .  G .  Kemeny, e t . a L ,  P r e n t i c e  H a l l ,  1 9 6 2 .  
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Case 1 

With N machines and N or more r e p a i r  crews ( t h e  model 
o f  F i g u r e  l), Appendix A shows t h a t  t h e  e q u i l i b r i u m  p r o b a b i l i -  
t i e s  of t h e  s t a t e s  o f  t h e  system are :  

where p = A/p. 

S y s t e m  a v a i l a b i l i t y  may be d e f i n e d  as t h e  p r o b a b i l i t y  
t h a t  t h e  s y s t e m  i s  o p e r a t i n g  s a t i s f a c t o r i l y  a t  any p o i n t  i n  t i m e .  
To r e l a t e  s y s t e m  a v a i l a b i l i t y  t o  t h e  e q u i l i b r i u m  p r o b a b i l i t i e s  we 
must d e f i n e  t h e  sys tem requ i r emen t s  i n  terms of  t h e  number o f  
machines  r e q u i r e d .  For  example, t o  compute s y s t e m  a v a i l a b i l i t y  
assuming t h a t  a t  l eas t  J of  N machines a re  r e q u i r e d  f o r  s a t i s -  
f a c t o r y  s y s t e m  o p e r a t i o n ,  w e  g e t  ( i n  e q u i l i b r i u m )  

N 
7 

P A ( J )  = P ( S J )  t P(SJ+l) .. + P(SN) = *K 

i . e . ,  P A ( J )  i s  j u s t  t h e  p r o b a b i l i t y  t h a t  a t  l eas t  J machines  are  
o p e r a t i n g .  T a b l e  1 t a b u l a t e s  t hese  p r o b a b i l i t i e s  f o r  some c a s e s  
o f  i n t e r e s t  as a f u n c t i o n  o f  s e l e c t e d  v a l u e s  of  p = A/p. 
(Note  t h a t  s t a t i s t i c s  g a t h e r e d  on RTCC o p e r a t i o n  th rough  September 
1 9 6 7  i n d i c a t e  t h a t  a f a i l u r e  r a t e  ( A )  of 1 /70  f a i l u r e s  p e r  hour ,  
and a repa i r  r a t e  (p) o f  .5 r e p a i r s  p e r  hour  a re  r e p r e s e n t a t i v e  
of RTCC computers ;  w i t h  t h e s e  data,  t h e  r a t i o  p = A/p i s  1/35.  

*A g e n e r a l  s o l u t i o n  f o r  P(SK, t )  may be found i n  Bellcomm 
Memorandum f o r  F i l e ,  "A B i r t h - D e a t h  P r o c e s s . A s s o c i a t e d  With A 
Redundant Repairable Ssstem" b s  G .  M .  Anderson, ( t o  b e  re leased) .  
It i s  shown there  t h a t  P ( S K , t )  approaches  P(SK), i t s  a s y m p t o t i c  v a l u e  
w i t h  a l i m i t i n g  e x p o n e n t i a l  t i m e  c o n s t a n t  o f  l/(A+p). Thus, a f t e r  
a p e r i o d  of  t i m e  e q u a l  a t  most t o  3 o r  4 times t h e  mean t i m e  to 
r e p a i r  (l/p), t h e  s y s t e m  i s  e s s e n t i a l l y  s t a t i o n a r y  w i t h  d i s t r i b u t i o n  

j u s t i f y i n g  t h e  u s e  of t h e  l a t t e r  here.  
O K ,  
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~=1/30 

.848785 

.999680 
990249 

9999994 

N= E; I 
~ 

~=1/35 p = 1 / 4 0  

.868615 .883854 

.999794 .999860 
992703 994336 

0999997 e999998 
& 

~=1/30 

.821405 
,985686 
-999376 
.999984 
999999 

~ = 1 / 3 5  p = 1 / 4 0  

.844487 .862296 

.989256 .991641 
e999597 999725 
999991 999994 

.999999 .999999 

' N Machines Opera t ing  

Table 1 

Case 2 

The e f f e c t  o f  a l i m i t e d  number o f  repair  crews on t h e  
b e h a v i o r  o f  t h e  sys t em may be e a s i l y  accounted  f o r  by changing t h e  
p r o b a b i l i t y  t r a n s i t i o n  m a t r i x  cons ide red  i n  Case 1. The g e n e r a l  
s o l u t i o n  f o r  N machines and M ( M < N )  r epa i r  crews d e r i v e d  i n  Appen- 
d i x  A y i e l d s :  

and 

(N-M) ! 
MN-K-M 

, f o r  0 - < K < N-M ; *K U 

where u i s  such  tha t  

N 
= 1, namely 

N N-M -1 
( N-M) ! 

11-K-M K! M 
(i) PN-R 

K= 0 
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J 

5 
4 
3 
2 

Table 2 summarizes t h e  p r o b a b i l i t i e s  o f  a t  l e a s t  
J of  N machines  working, P A ( J , M ) ,  and shows t h e  e f f e c t  of  
a l i m i t e d  number (M) o f  r e p a i r  crews. 

- 
1 M= 1 M= 3 

p=1/30 p=1/35 p=1 /40  p=1/30 p=1/35 p=1 /40  

.839444 .86;574 ,878359 .81i8783 .868614 .883853 

.979351  .984656 .988154 .990247 .992702 .994335 

.998006 - 9 9 8 7 2 3  .999134 .999678 .999793 .999859 
* 9 9 9 8 7 1  0999929 a999957 9999992 -999996  0999997 

.807589 

.969107 
- 9 9 6 0 2 7  
-999616  
9999975 

J 

6 
5 
4 
3 
2 

- 
.834048 ,854136 .821400 .844485 .862295 
,977028 .982257 .985680 .989253 .991639 
0997453 -998272 -999370  e999594 - 9 9 9 7 2 3  
e999788 e999873 0999979 - 9 9 9 9 8 8  0999993 
0999988 e999993 -999999  e999999 *999999  

P r o b a b i l i t y  o f  Having J 0.f N Machines Opera t ing ,  Given M 
( M c N )  Repair  C r e w s  

Table 2 

Case 3 

The p r e v i o u s  model, which p r e d i c t s  t h e  r e l a t i v e  fre- 
quency o f  t he  v a r i o u s  system s ta tes ,  does n o t  r e f l e c t  t h e  
RTCC requi rement  t o  s imul t aneous ly  s u p p o r t  two c r i t i c a l  mi s s ion  
phases .  This s i t u a t i o n  r e q u i r e s  t h e  use  o f  a p a i r  o f  machines 
on each  phase ,  one i n  c o n t r o l  and one i n  dynamic s t andby .  Consider  
t h e  c o n f i g u r a t i o n  of  t h e  sys t em when on ly  th ree  machines  are o p e r a t -  
i n g .  I n  t h i s  case , -  o n l y  one m i s s i o n ,  c a l l  i t  mis s ion  A ,  can be 
s u p p o r t e d  by a aynamic s tandby machine.  Thus, if a f a l l u r e  occur s  
i n  e i t h e r  o f  t h e  machines  s u p p o r t i n g  mis s ion  A,  t he  s y s t e m  i s  s t i l l  
i n  a s a t i s f a c t o r y  s ta te ;  b u t  i f  t h e  machine s u p p o r t i n g  m i s s i o n  B 
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f a i l s ,  t h e  s y s t e m  has f a i l e d ,  Th i s  may be modeled b y  s p l i t t i n g  
t h e  s t a t e  S2 i n t o  two s t a t e s ,  S21 and S22.  
t h a t  e a c h  machine i s  s u p p o r t i n g  a d i f f e r e n t  mi s s ion  s o  t h a t  t h i s  
i s  a s u c c e s s  s t a t e  f o r  t h e  s y s t e m ,  whereas S22 corresponds  t o  
t h e  c a s e  where bo th  o p e r a t i n g  machines are s u p p o r t i n g  t h e  same 
m i s s i o n  and t h e  s y s t e m  has  t h e r e f o r e  f a i l e d .  
s y s t e m  model and t r a n s i t i o n  p r o b a b i l i t i e s .  

I n  S21 w e  assume 

F i g u r e  2 shows t h e  

The e q u i l i b r i u m  p r o b a b i l i t i e s  i n  t h i s  c a s e  are shown 
i n  Appendix A t o  be t h e  same as i n  t h e  p r e v i o u s  model f o r  t h e  
s ta tes  Si, i # 2 .  I n  a d d i t i o n ,  i t  i s  shown tha t  

- 
w22  + @ 2 1  - w2 

which mere ly  s t a t e s  t h a t  t h e  t o t a l  p r o b a b i l i t y  o f  hav ing  two 
machines  o p e r a t i n g  i s  no t  changed b y  t h e  s p l i t t i n g  o f  s t a t e  S 2  

i n t o  two s t a t e s .  

It i s  f u r t h e r  shown t h a t  

where 

a = min [ N - 2 , M ] ,  

w i t h  N and M as p r e v i o u s l y  d e f i n e d .  

T h i s  r e s u l t  now a l lows  computa t ion  o f  t h e  RTCC s y s t e m  
a v a i l a b i l i t y  t o  s imul t aneous ly  s u p p o r t  two c r i t i c a l  m i s s i o n  phases 
as 

PA = 1 - P ( s 2 2 )  - P(S1) - P ( S 0 )  = 1 - [ w 2 2  + w  + w  3 

T h i s  p r o b a b i l i t y  i s  t a b u l a t e d  below as a f u n c t i o n  o f  N ,  t h e  number 
o f  machines and M,the number o f  r e p a i r  crews f o r  some c a s e s  o f  
i n t e r e s t .  
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No. of  
R e p a i r  
C r e w s  

M 

1. 

2 

3 
4 
5 
6 

- 

- 9 -  

Tot a1 Number o f  Machines 

999291 
.999832 
999390 
999892 
999892 

- 999892 

N=5 

p=1/35 

999548 
.?99892 
*999929 
-999930 
999930 
999930 

p = 1 / 4 0  

999696 
.999927 
*999952 
*999952 
-999952 
.999952 

.999863 
e999983  
-999992 
-999994 
-999994 
-999994 

N = 6  

p=1/35 

999925 
999991 
999996 
999997 

-999997 
999997 

p=1 /40  

999955 
-999994 
.999997 
.999998 
-999998 
-999998 

System A v a i l a b i l i t y  ( P A )  f o r  Two C r i t i c a l  Miss ions  

Table 3 

A s  a p o i n t  of i n t e r p r e t a t i o n ,  n o t e  t h a t  w i t h  one r e p a i r  
crew, t h e  l i k e l i h o o d  o f  t h e  sys tem b e i n g  down w i t h  t h i s  model 
i s  5-6 t imes t h a t  o f  a system which r e q u i r e s  any two machines 
working. With more t h a n  one r e p a i r  crew, t h i s  r a t i o  i n c r e a s e s .  
Note a l s o  t h a t  t h e  g a i n  i n  s y s t e m  a v a i l a b i l i t y  p e r  added r e p a i r  
crew d e c r e a s e s  marked ly  a f t e r  t h e  f i r s t  inc remen t .  

Case 4 

The model of Case 3 must b e  s l i g h t l y  r e f i n e d  t o  r e f l e c t  
r e a l i s t i c a l l y  t h e  o p e r a t i n g  c h a r a c t e r i s t i c s  o f  t h e  R T C C .  Con- 
s ider  t h e  s i t u a t i o n  when t h e  s y s t e m  i s  i n  s t a t e  SZ2 .  A s  p r e -  
v i o u s l y  d e f i n e d ,  i n  t h i s  s t a t e  two machines are up, b u t  b o t h  
are  a s s i g n e d  t o  a s i n g l e  mis s ion .  C l e a r l y ,  i n  t h i s  s i t u a t i o n  
t h e  s y s t e m  would be r e c o n f i g u r e d ,  and one of  t he  machines would b e  
s w i t c h e d  t o  s u p p o r t  t h e  o t h e r  m i s s i o n .  During t h i s  r e c o n f i g u r a t i o n  
t i m e ,  t h e  sys tem i s ,  of cour se ,  i n  a f a i l e d  s t a t e .  The mod i f i ca -  
t i o n  of t h e  s y s t e m  model t o  account  f o r  t h i s  r e f i n e m e n t  i s  shown 
i n  F i g u r e  3.  Assuming t h a t  t h e  swi tch-over  t i m e  is e x p o n e n t i a l l y  
d i s t r i b u t e d  w i t h  mean 1/6 r a t h e r  t h a n  a c o n s t a n t  a l l o w s  t h e  fo l low-  
i n g  r e s u l t :  

as shown i n  Appendix A. T a b l e  4 shows sys tem a v a i l a b i l i t i e s  i n  
t h i s  ca se  where it has been assumed t h a t  1 / 6  = 5 min. 
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No. of  
R e p a i r  
C r e w s  

T o t a l  Number 
o f  Machines 

N = 5  N = 6  

999913 - 9 9 9 9 8 5  
* 9 9 9 9 8 3  - 9 9 9 9 9 8  
999988 999998 
999989 ' 999999 
999989 - 999999 

-999989  999999 

Sys tem A v a i l a b i l i t y  f o r  Two C r i t i c a l  Phases (PA) 

T a b l e  4 

Note t h a t  t h e  l i k e l i h o o d  o f  t h e  system b e i n g  down I s  
reduced  by a f a c t o r  o f  a t  l e a s t  6 when swi t chove r  from s t a t e  
S22  t o  SZ1 i s  accounted  f o r .  

111. RELIABILITY , 

The p r e v i o u s  resul ts  concern  a s p e c t s  o f  system a v a i l -  
a b i l i t y  o r  t h e  l o n g  term s t e a d y - s t a t e  p r o b a b i l i t i e s  o f  v a r i o u s  
sys t em s ta tes .  I n  t h i s  s e c t i o n ,  w e  w i l l  c o n s i d e r  a s p e c t s  con- 
n e c t e d  w i t h  s y s t e m  r e l i a b i l i t y  R ( t ) ,  where w e  d e f i n e  r e l i a b i l i t y  
as t h e  p r o b a b i l i t y  t h a t  t h e  sys tem w i l l  f u n c t i o n  s a t i s f a c t o r i l y  
f o r  a g i v e n  p e r i o d  o f  t i m e .  D e r i v a t i o n  o f  t h e  sys tem r e l i a b i l i t y  
f u n c t i o n  i n v o l v e s  t h e  s o l u t i o n  o f  a s e t  of  s imul t aneous  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  ( s e e  Appendix C). But a parameter  o f  t h i s  
f u n c t i o n ,  t h e  mean t i m e  t o  f a i l u r e  (MTF) d e f i n e d  by:  

can  b e  found by a p p l i c a t i o n  o f  t h e o r y  o f  Markov p r o c e s s e s  w i t h  
a b s o r b i n g  bar r ie rs .  I n  a d d i t i o n  t o  t h e  i n t r i n s i c  v a l u e  o f  t h e  
MTF as a n  e v a l u a t i o n  index  of  t h e  s y s t e m  d e s i g n ,  t h e  r e s u l t s  of 
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Appendix C s u g g e s t  t h a t  f o r  v a l u e s  o f  h and p of  i n t e r e s t  h e r e  
( A  < <  p), R ( t )  may be c l o s e l y  approximated b y :  

-t/MTF R ( t )  = e 

A .  Mean Time t c  System F a i l u r e  

To compute t h e  MTF, w e  change t h e  sys tem model b y  mak- 
i n g  t h o s e  s t a t e s  which a re  a s s o c i a t e d  w i t h  s y s t e m  f a i l u r e  absorb- 
i n g  ba r r i e r s .  ‘ i n i s  means t h a t  whenever t h e  sys tem e n t e r s  such a 
s t a t e  i t  remains t he re  w i t h  p r o b a b i l i t y  1, and i s  t h u s  t r a p p e d .  
T h i s  d e v i c e  a l l o w s  t h e  computat ion o f  t h e  mean t i m e  t o  e n t e r  a l l  
such  s t a t e s  s t a r t i n g  from some g i v e n  i n i t i a l  s t a t e  which i s  
e x a c t l y  t h e  d e s i r e d  MTF or mean t i m e  t o  sys tem f a i l u r e .  The 
sys t em model i n  t h i s  c a s e  i s  shown i n  F i g u r e  4 .  

I. 

The p r o b a b i l i t y  t r a n s i t i o n  m a t r i x  f o r  any Markov chai.n 
w i t h  n s t a t e s  and r abso rb ing  ba r r i e r s  can  be pu t  i n t o  t h e  
f o l l o w i n g  s t a n d a r d  form: 

where I i s  a n  r b y r  i d e n t i t y  m a t r i x ,  R i s  a n  n-r b y  r m a t r i x ,  and 
Q i s  a n  n-r b y  n-r m a t r i x .  It may be shown* t h a t  t he  r n a t r j x  H 
de f i n e d  by 

H = (I-Q)-’ Y 

c a l l e d  t h e  fundamental  ma t r ix  o f  t h e  a b s o r b i n g  c h a i n ,  has e lements  
‘i j 
t h e  j t h  non-absorbing s t a t e  b e f o r e  absorp t ion  o c c u r s ,  g i v e n  t h a t  i t  
s ta r ted  i n  t h e  ith s t a t e .  

such  t h a t  q i j  i s  t h e  mean number o f  t imes t h e  p r o c e s s  i s  i n  

The sum 

%See Appendix B. 
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4641 28,021 
9506 114,037 
9667 159,951 
9667 174,572 

i s  t h e n  t h e  mean number of t i m e s  i n  any non-absorbing s t a t e  f o r  
t h e  ith s t a r t i n g  s t a t e  and may t h e r e f o r e  be r e l a t e d  t o  t h e  
s y s t e m  MTF a s s o c i a t e a  w i t h  t h e  ith i n i t i a l  s t a t e .  

To i l l u s t r a t e  t h e  f u n c t i o n a l  dependence of t h e  MTF on 
t h e  f a i l u r e  r a t e  X and t h e  r e p a i r  r a t e  p ,  t h e  s y s t e m  MTF i s  
d e r i v e d  p a r a m e t r i c a l l y i n  Appendix B f o r  N=5, M>3 - t o  be  

MTF = 1 3 4 ~ ~  + 1 1 3 X 2 p  + 371p2 + 6p3 
6 o h 3 [ 2 h  + p ]  

when t h e  s y s t e m  s t a r t s  w i t h  a b 1  5 machines i n i t i a l l y  o p e r a t i n g .  

The MTF for a number o f  o t h e r  c a s e s  were produced by  a 
computer program which numer i ca l ly  i n v e r t e d  t h e  m a t r i x  H u s i n g  
1/X=70 hours  f o r  t h e  RTCC mean t i m e  t o  f a i l u r e  e x p e r i e n c e  and 
l / v = 2  hour s  f o r  t h e  mean time t o  r epa i r  e x p e r i e n c e .  These re- 
s u l t s  a re  t a b u l a t e d  i n  Table  5 .  No t i ce  t ha t  t h e  largest  
inc remen t  i n  r e l i a b i l i t y  i s  between hav ing  one and two repa i r  
c rews ,  as was t r u e  f o r  t h e  a v a i l a b i l i t y .  

No. o f  Repair N=5 N=6 
C r e w s  M 1 MTF MTF 

Mean T i m e  t o  System F a i l u r e  ( h o u r s )  
Table 5 

The e f f e c t  of t h e  i n i t i a l  s t a t e  on t h e  MTF i s  also 
a v a i l a b l e  from H as no ted  above. Tab le  6 shows t h e  i n f l u e n c e  
o f  t h e  i n i t i a l  s t a t e  t o  be small f o r  t h e  p a r t i c u l a r  f a i l u r e  and 
r epa i r  t i m e  s t a t i s t i c s  used.  
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I n i t i a l  No. of  
Working Machines 

- 1 3  - 

N=6, M > 4  - N=5, M>3 - 

MTF MTF 

. 

6 
5 
4 
3 
2 

174 ,572  
9667 174,560 
9653 174,464 
9513 172 ,773  
9338 1 7 0 , 3 4 0  

Mean Time t o  S y s t e m  F a i l u r e  ( h o u r s )  
Table  6 

B .  S y s t e m  R e l i a b i l i t y  

two c r i t i c a l  m i s s i o n  phases ,  as modeled i n  F i g u r e  4 ,  i s  d e r i v e d  
i n  Appendix C t o  b e :  

The r e l i a b i l i t y  o f  t h e  RTCC w i t h  r e s p e c t  t o  s u p p o r t i n g  

-4 - t / . 9 3 6  h r s  + ,9939.10  -6 e - t / . 6 2 1  h r s  + .8806.10 e 

f o r  N = 5 ,  M=3. 

T h i s  f u n c t i o n  i s  t a b u l a t e d  below a t  some s e l e c t e d  v a l u e s  
T of t ,  a l o n g  w i t h  t h e  v a l u e s  of R ( t ) ,  which i s  R ( t )  t r u n c a t e d  to 

j u s t  t h e  dominant f i rs t  term,and t h e  approximat ion  R ( t ) = e  
-t/MTF 
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t (hour s  ) R ( t )  R T ( t >  e -t /MTF 

1 999993 1 . o o o l g l  -999896 
5 -999749 -999777 -999483  

1 0  -999258 .999260 -998966 
20 .998227 -998227 '997933 
30 997195 -997195  996900 
40  .996164 .996164 .995871 
50 995134 -995134 .994842 

1 0 0  . ggoooo . ggoooo -989711  

9700 .366723 - 366723 .366724 
1 0 0 0  901989 901989 901750 

S y s t e m  R e l i a b i l i t y  R ( t )  and Two 
Approximations f o r  R ( t )  

Table 7 

i s  c o n s e r v a t i v e  o u t  - t /MTF Note t h a t  t h e  approximat ion  R(t) % e 
t o  t h e  sys tem mean t i m e  to f a i l u r e  [ i . e . ,  l i e s  below t h e  t r u e  
r e l i a b i l i t y  f u n c t i o n  R ( t ) ] .  T h i s  a s p e c t  i s  e l a b o r a t e d  on i n  
Appendix C .  

F i g u r e  5 shows t h e  sys tem r e l i a b i l i t y  R ( t )  a s s o c i a t e d  
w i t h  t h e  model o f  F i g u r e  4 w i t h  t h e  t o t a l  number o f  machines N 
v a r y i n g  from N=2 t o  N=5. The, e x p l i c i t  e x p r e s s i o n s  f o r  t h e  
r e l i a b i l i t y  f u n c t i o n s  i n  t h e s e  c a s e s  are  g i v e n  i n  Appendix C .  

I V .  SUMMARY 

' The RTCC has been modeled as a sys tem of i d e n t i c a l  
p a r a l l e l  redundant  e l emen t s ,  hav ing  e x p o n e n t i a l  f a i l u r e  and 
r epa i r  d i s t r i b u t i o n s .  General  r e s u l t s  are o b t a i n e d  f o r  t h e  
a v a i l a b i l i t y  o f  an  arbi t rary number ( K )  o u t  o f  t h e  t o t a l  number 
( N )  of  sys tem e lements  w i t h  an  a r b i t r a r y  number ( M )  of r e p a i r  
c rews .  I n  a d d i t i o n ,  g e n e r a l  r e s u l t s  are  o b t a i n e d  f o r  t h e  s y s t e m  
a v a i l a b i l i t y  when a wors t  ca se  r equ i r emen t  o f  t h e  s imul t aneous  
s u p p o r t  of two c r i t i c a l  miss ion  p h a s e s , i s  assumed. With t h i s  
sys t em requ i r emen t ,  a g e n e r a l  t e c h n i q u e  f o r  computing t h e  s y s t e m  
mean t ime  t o  f a i l u r e  i s  i l l u s t r a t e d ,  and t h e  e x p l i c i t  sys tem 
r e l i a b i l i t y  f u n c t i o n  f o r  s e v e r a l  c a s e s  of  i n t e r e s t  i s  found. 
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Using t h e  sys t em parameters  c h a r a c t e r i s t i c  of  t h e  RTCC,  
w i t h  a t o t a l  of f i v e  machines and a t  l eas t  f i v e  r e p a i r  crews t h e  
model p r e d i c t s  t h a t  a l l  f i v e  machines w i l l  b e  o p e r a t i n g  g r e a t e r  
t h a n  86% o f  t he  t i m e  and f o u r  o r  more machines w i l l  o p e r a t e  
g r e a t e r  t h a n  99% of t h e  t ime.  
f o r  f i v e  machines and t h r e e  or more r e p a i r  crews t h e  model 
p r e d i c t s  : 

I n  a d d i t i o n ,  on a s y s t e m  basis ,  

1. A s y s t e m  a v a i l a b i l i t y  g r e a t e r  t h a n  99 .99%;  

2 .  A mean t i m e  t o  system f a i l u r e  of  9667 h o u r s ;  and 

3. A f i f t y  hour  r e l i a b i l i t y  g r e a t e r  t h a n  .9951. 

The p r i n c i p a l  d e f i c i e n c y  o f  t h e  model l i e s  i n  t h e  
absence  of c o n s i d e r a t i o n  o f  p e r i o d i c  maintenance.  However, 
s i n c e  t h i s  a c t i v i t y  i s  s u b j e c t  t o  s c h e d u l e ,  and s i n c e  swi tch-  
o v e r  to an a c t i v e  r o l e  w i l l  be  r a p i d  i f  r e q u i r e d ,  t h e  e f f e c t  
o f  p e r i o d i c  maintenance on t h e  r e s u l t s  o b t a i n e d  h e r e  should  
be  small. 

1 0  31- J J R -  j de J .  J .  Rocchio 

Attachments 
Appendices A ,  B and C 
F i g u r e s  1-5 
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APPENDIX A 

Sys t em A v a i l a b i l i t y  - The Markov Model 
With R e f l e c t i n g  Barriers 

To c a l c u l a t e  s y s t e m  a v a i l a b i l i t y  o r  t h e  p r o b a b i l i t y  o f  
h a v i n g  a t  l ea s t  a g i v e n  number o f  machines working,  t h e  sys tem 
i s  modeled as a Markov c h a i n  w i t h  r e f l e c t i n g  barriers as shown 
i n  F i g u r e  1. A Markov c h a i n  of t h i s  t y p e  i s  character ized by 
i t s  p r o b a b i l i t y  t r a n s i t i o n  m a t r i x  P where p i j  i s  t h e  p r o b a b i l i t y  
o f  g o i n g  from s ta te  Si t o  s t a t e  S . 
t h e  s y s t e m  w i t h  N machines and N o r  more r e p a i r  crews may be  
w r i t t e n  by i n s p e c t i o n  from F i g u r e  1 as: 

The m a t r i x  P a p p l i c a b l e  t o  
j 

P =  

N u A t  

. . 

0 

0 

... 0 

( N - l ) p A t  * * e  

. . 

0 

. 

I ... 2 P A t  0 

0 ;* ( N - l ) ) c A t  l - [ l . ~ + ( N - l ) A ] A t  P A t  

0 * *  0 N A A t  1 - N X A t  

L e t  t h e  row v e c t o r  p ( O )  c h a r a c t e r i z e  t h e  i n i t i a l  s t a t e  
( O )  i s  t h e  p r o b a b i l i t y  t h a t  t h e  s y s t e m  P i  

It may b e  shown t h a t :  
p r o b a b i l i t i e s ,  i. e . ,  
s ta r t s  i n  s t a t e  Si. 

and i n  g e n e r a l  t h a t :  
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Using ( A - 1 )  r e c u r s i v e l y  i t  i s  c l e a r  t ha t  ( A - 2 )  may be r e w r i t t e n :  

(A-3) 

which s a y s  t h a t  t h e  p r o b a b i l i t i e s  o f  be ing  i n  each  s t a t e  a f t e r  
n s t e p s  o f  t h e  p r o c e s s  a re  g iven  b y  t h e  p roduc t  o f  t h e  i n i t i a l  
p r o b a b i l i t y  v e c t o r  and t h e  n- power o f  t h e  p r o b a b i l i t y  t r a n s i -  
t i o n  m a t r i x .  

t h  

Now c o n s i d e r  a p r o b a b i l i t y  v e c t o r  w such  t h a t  - 

and assume t h a t  - w was chosen f o r  E"); t h e n  

o r  t h e  p r o b a b i l i t y  o f  be ing  i n  any g i v e n  s t a t e  remains  c o n s t a n t  
a t  a l l  s teps  o f  t h e  p r o c e s s .  I n t h i s  c a s e  t h e  p r o c e s s  i s  said 
t o  be i n  e q u i l i b r i u m  and t h e  v e c t o r  w i s  c a l l e d  t h e  f i x e d  p o i n t  
o f  t h e  m a t r i x  P .  The components o f  g i v e  t h e  e q u i l i b r i u m  prob-  
a b i l i t i e s  o f  s t a t e  occupancy f o r  t h e p r o c e s s  and these a re  what 
i s  des i red  f o r  computa t ion  of s y s t e m  a v a i l a b i l i t y .  It  can be 
shown* f o r  example t h a t  under c e r t a i n  c o n d i t i o n s  

n- 

f o r  any E('); t h e r e f o r e  a f t e r  a large number o f  s teps  t h e  
p r o b a b i l i t y  of t h e  p r o c e s s  be ing  i n  s t a t e  S i s  c l o s e  t o  w no 
matter  what t h e  s t a r t i n g  s t a t e  o f  t h e  s y s t e m  i s .  

5 j 

From ( A - 4 )  t h e  f i x e d  p o i n t  p r o b a b i l i t i e s  o f  t h e  s y s t e m  
s a t i s f y :  

w [P- I ]  = 0 - ( A - 5  1 

*See F i n i t e  Mathematics 
Kemeny e t  a l . ,  P r e n t i c e  H a l l ,  

w i t h  Bus iness  A p p l i c a t i o n ,  J. G .  m. 
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and s i n c e  - w i s  a p r o b a b i l i t y  v e c t o r  

N 

w i = l  

i = O  
(A-6) 

I f  t h e  sys tem of  e q u a t i o n s  (A-5) i s  s o l v a b l e ,  f o r  
o t h e r  t h a n  t h e  t r i v i a l  c a s e  w = 0 ,  i t  has ar, i n f i n i t e  nurnber 
of s o l u t i o n s ,  on ly  one o f  whrch w i l l  a l s o  s a t i s f y  ( A - 6 ) .  From 
t h e  m a t r i x  P and (A-5) w e  may w r i t e :  

. 

These e q u a t i o n s  may be manipula ted  i n t o  t h e  f o l l o w i n g  form 
s t a r t i n g  from t h e  l as t  one :  

- NX - -  
W N - l  IJ WN 

Adding t h e  las t  two e q u a t i o n s  g i v e s :  

( N - l ) N  X 2 - 
WN- 2 2 p W N - l  - 2 . 1  I,) W N  

N - 1  X = - -  

and r e p e a t i n g  t h i s  p r o c e s s  g i v e s  i n  g e n e r a l :  

WN 
N - K + l  X - - 

ON-K - K ( " N - K + ~  
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S u b s t i t u t i n g  these r e s u l t s  i n t o  ( A - 6 )  g i v e s :  

K=O 

o r  

Thus t h e  d e s i r e d  r e s u l t  i s :  

(A-7) 

The e f f e c t  on t h e  e q u i l i b r i u m  s t a t e  occupancy p r o b a b i l -  
i t i e s  w due t o  t h e  number o f  a v a i l a b l e  repa i r  crews may be 
o b t a i n e d  from a s lmilar  argument. L e t  M, 1 < M < N b e  t n e  number 
o f  r e p a i r  crews a v a i l a b l e  t o  t h e  sys t em.  We-must c o n s i d e r  t h e  
e f f e c t  on t h e  t r a n s i t i o n  ma t r ix  P which w e  now denote  b y  P(M).  
If w e  d e n o t e  a row o f  P by -j P t h e n  i t  i s  c l e a r  t h a t  

-j P = - P(M)j  

f o r  

which co r re sponds  t o  t h e  f a c t  t ha t  when M o r  less  machines a r e  
f a i l e d ,  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  are t h e  same whether  w e  
have M,  N o r  more r e p a i r  crews s i n c e  t h e  s u r p l u s  crews must be 
i d l e .  Now f o r  j < N-M a t r a n s i t i o n  p r o b a b i l i t y  o f  t h e  form: 
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becomes 

With these observations the set of equations: 

- u[P(M)-I] = 0 

may be written as: 

. 

. . . 
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Proceed ing  as b e f o r e  w e  g e t  

- NA - -  
O N - 1  u ON 

o r  i n  g e n e r a l  

and 

- - N-M-K ( N-M) ! K! (:](t)N-K uN , f o r  0 - < K < N-M . 
WK M 

T h e r e f o r e  

N-M-1 
(N-M) ! N-K N 

WN[ K=N-M 1 (!)($I ' K=O c MN-M-K K !  

Hence, t h e  d e s i r e d  r e s u l t  i s  
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and N-K ( N-M) ! N X  
N-M-K (M)Iu) 

f o r  0 < K <N-M - K! M 
- U K  - 0 ¶ 

where 

Having o b t a i n e d  t h e  e q u i l i b r i u m  p r o b a b i l i t i e s  o f  s t a t e  
occupancy for t h e  g e n e r a l  model w i t h  a n  a r b i t r a r y  number o f  
r epa i r  c rews ,  w e  are i n  a p o s i t i o n  t o  i n v e s t i g a t e  t h e  models of  
F i g u r e s  2 and 3 which are a p p l i c a b l e  t o  t h e  RTCC. 

The method o f  s o l u t i o n  i n  these c a s e s  p roceeds  e x a c t l y  
as above ,  however t h e  s p l i t t i n g  of s ta te  S2 i n t o  two s t a t e s  S21 

and S Z 2  as shown i n  t h e  s t a t e  diagrams adds a n  a d d i t i o n a l  row 
and column t o  t h e  t r a n s i t i o n  m a t r i x .  P r e v i o u s l y  w e  had: 

I n  t h e  t r a n s i t i o n  m a t r i x  a p p l i c a b l e  t o  t h e  sys t em o f  F i g u r e  2 ,  
P '  w e  have 

= 1 - [ ( N - ~ ) V + ~ A I A ~  p ' 2 1 , 2 1  
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= 1 - [ ( N - 2 ) p + 2 A ] A t  p '  2 2 , 2 2  

I n  a d d i t i o n ,  w h e r e a s  

= 3 x n t  
p 3 , 2  

w e  now have  

a n d  

" 3 , 2 2  = A A t  

From t h e  s y s t e m  o f  e q u a t i o n s  

0 [ P '  - 11 = 0 



BELLCOMM, I N C .  

Appendix A ( c o n t d . )  

- 9 -  

i t  can  be shown t h a t  

o r  

(A-9) 

Also by examinat ion  of t h e  s e t  o f  e q u a t i o n s  o f  (A-8) compared 
w i t h  t h o s e  o f  (A-5) w e  can show t h a t  t h e  s u b s t i t u t i o n  

- 
'"22 O21 - '"2 

r e d u c e s  (A-8) t o  (A-51, t h e r e f o r e  l e a v i n g  t h e  e q u i l i b r i u m  proba- 
b i l i t i e s  f o r  s t a t e s  o t h e r  t han  S2 unchanged. 
s o l u t i o n  ( A - 7 ) ,  p l u s  equa t ions  ( A - 9 )  and ( A - 1 0 )  p r o v i d e  t h e  
e q u i l i b r i u m  p r o b a b i l i t i e s  for t h e  model o f  F i g u r e  2 .  

Thus t h e  p r e v i o u s  

I n  t h e  g e n e r a l  ca se  w i t h  M r epa i r  crews (A-9) becomes 

where 

a = min[N-2,M] 

The r e s u l t s  a p p l i c a b l e  t o  t h e  model o f  F i g u r e  3 are 
The gove rn ing  e q u a t i o n  f o r  w Z 2  i n  ve ry  s imilar  t o  t h e  above. 

t h i s  c a s e  becomes 
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Ca11+2A+6 1 w * *  - x u 3  = 0 

o r  

w i t h  a l l  o t h e r  r e l a t i o n s  unchanged. 
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Sys t em R e l i a b i l i t y  - The Markov Model 
With Absorbing Barriers 

C o n s i d e r a t i o n  of  the  Markov c h a i n  of F i g u r e  4 a l l o w s  
I n  t h i s  model computa t ion  of t h e  mean t ime t o  sys tem f a i l u r e .  

t h e  s y s t e m  down s t a t e s  S1 and S 2 2  are made a b s o r b i n g  barr iers  
and  w e  a re  i n t e r e s t e d  i n  the  mean t i m e  t o  a b s o r p t i o n .  Cue t o  
a l g e b r a i c  complexi ty ,  c l o s e d  form s o l u t i o n s  f o r  t h e  g e n e r a l  
c a s e  were n o t  d e r i v e d .  A parametric s o l u t i o n  f o r  one c a s e  
w i l l  be  d e r i v e d  below. The r e s u l t s  p r e s e n t e d  i n  t h e  body o f  
t h e  memorandum were computed b y  numer i ca l  t e c h n i q u e s  and i n v o l v e  
t h e  i n v e r s i o n  of  a r e l a t i v e l y  sparse m a t r i x .  

I n  g e n e r a l ,  t h e  p r o b a b i l i t y  t r a n s i t i o n  m a t r i x  of  an 
a b s o r b i n g  Markov c h a i n  may be  w r i t t e n  i n  t h e  s t a n d a r d  form: 

i f  t h e  s t a t e s  are o r d e r e d  wi th  t h e  a b s o r b i n g  s ta tes  f i r s t .  Wi th  

P i n  t h e  above form it  i s  e a s i l y  shown t h a t  Pn i s  of t h e  form: 

where * refers  t o  a n  u n s p e c i f i e d  s u b m a t r i x .  

’ We are i n t e r e s t e d  i n  t h e  mean number of t i m e s  ( n i j )  
t h e  p r o c e s s  i s  i n  s t a t e  S 

i and j are nonabsorb ing  s ta tes .  S i n c e  t h e  p r o b a b i l i t y  o f  
e v e n t u a l  a b s o r p t i o n  i s  one ,  w e  assume t h e  means e x i s t .  
x ( k )  be  a random v a r i a b l e  such  that  

g i v e n  i t  s t a r t s  i n  s t a t e  Si,  where 3 ’  
L e t  

i j  

1 if the  p r o c e s s  i s  i n  s ta te  
j a t  s t e p  k g i v e n  t h a t  i t  
s ta r ted  i n  s t a t e  i; 

0 o t h e r w i s e .  

x i j ( k )  = 
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L e t  
m 

= x ( k )  3 
‘i j  i j  

k=O 

i . e . ,  s 
S .  g i v e n  t h a t  i t  s t a r t ed  i n  s t a t e  Si. 

i s  t h e  t o t a l  number of times t h e  p r o c e s s  is  i n  s t a t e  i j  

J 
Now 

k=O k=O 

b u t  

where Q i s  d e f i n e d  by ( B - 1 ) .  

T h e r e f o r e ,  w r i t i n g  (B-3 )  i n  m a t r i x  form w e  have :  

Hence, t h e  e l emen t s  o f  (I-Q)-’ are t h e  mean number of s teps  i n  
each nonabsorb ing  s t a t e  f o r  each  p o s s i b l e  nonabsorb ing  s t a r t i n g  
s t a t e .  Thus t h e  row sums of H 

g i v e  t h e  mean number of s teps  t o  a b s o r p t i o n  f o r  s t a r t i n g  s t a t e  
Si. 

An example w i l l  i l l u s t r a t e  t h e  computa t iona l  p r o c e d u r e .  
The t r a n s i t i o n  m a t r i x  P f o r  t h e  Markov c h a i n  of F i g u r e  4 f o r  
f i v e  machines ( N = 5 )  i s :  
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States  1 22  21 3 4 5 

1 

2 2  

P = 21 

3 

4 

5 

1 0 0 0 0 0 

0 1 0 0 0 0 

2 X A t  0 1-(2A+3u)At 3PAt 0 0 

0 h A t  2 h A t  1-(3X+2l~)At 2 v A t  0 

0 0 0 4 A A t  1 - ( 4 A + p ) A t  P a t  

0 0 0 0 5AAt 1-5AAt 

From P i t  i s  e a s i l y  seen t h a t  

2h+3P -3lJ 0 

-2x 3h+2lJ -2 lJ 
- 4 x  I-& = A t  

L o  0 -5x 5hJ 

A f t e r  a l g e b r a i c  man ipu la t ion  it can  be shown that: 

[ 6 0 x 3  

-1- 1 4 O A  
H=(I-Q) -- A t D  l 3  

4 o x 3  

1 4 0 ~ ~  

60x2v 

20A2 ( 2 ~ 3 1 . 1 )  

2 0 h 2  (2At31.d 

30 lJ2 

1 0  A (  2 h11+3u2) 

5 h ( 6x2+7x p+6p2  ) 

5 A (  6x2+7x l J+6~  2 ) I 61J3 

2v2  ( 2  h+311) 

6x2 p+7xv2+6v3 

2 4  x3t18  h2 l ~ + 7 x l ~ ~ + 6 l ~ ~  

where 

D = ~ o x ~ [ ~ A + ~ J ]  . 
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.e Markov p r o c e s s  t ake  A t  un t s  o f  t i m e ,  T ~ ,  

t h e  mean t ime to system f a i l u r e  s t a r t i n g  from s t a t e  Si, i s  g i v e n  
by 

T i = AtTi = A t  1 nij 
3 

o r  f o r  t h e  c a s e  above 

t h e  mean t ime  t o  sys tem f a i l u r e  s t a r t i n g  w i t h  a l l  machines 
working.  
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System R e l i a b i l i t y  - S o l u t i o n  o f  t h e  

S e t  of  D i f f e r e n t i a l  Equat ions  

Cons ider  t h e  system model i l l u s t r a t e d  by F i g u r e  4 .  
The s y s t e m  r e l i a b i l i t y  R ( t )  i s  t h e  p r o b a b i l i t y  t h a t  t h e  s y s -  
t e m  o p e r a t e s  s a t i s f a c t o r i l y  f o r  t u n i t s  of t i m e .  S i c c e  t h i s  
f u n c t i o n  w i l l  depend on t h e  s t a t e  of t he  system a t  t = O  w e  
shou ld  wr i te  R ( t , j )  as t h e  r e l i a b i l i t y  of t h e  system g i v e n  
t h a t  a t  t=O t h e  s y s t e m  i s  i n  s t a t e  S 

t h a t  t h e  sys tem i s  i n  s t a t e  Si a t  t ime t ,  g i v e n  t h a t  i t  
s t a r t e d  i n  s t a t e  S be P i ( t , j ) .  We may t h e n  wr i t e :  

Le t  t h e  p r o b a b i l i t y  3 '  

j' 

Rather t h a n  c a r r y  t he  n o t a t i o n  of t he  s t a r t i n g  s t a t e ,  w e  w i l l  
assume from now on t h a t  t h e  s y s t e m  s ta r t s  w i t h  a l l  machines 
working. Thus C-1 becomes 

S i n c e  we are n o t  i n t e r e s t e d  i n  d i s t i n g u i s h i n g  t h e  s t a t e s  S1 

and SZ2, t h e y  may be combined i n t o  a s i n g l e  sys tem f a i l e d  s t a t e  
S, f o r  which 

and t h e r e f o r e  

R ( t )  = 1 - P*(t) 
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It may b e  shown* tha t  t h e  s t a t e  p r o b a b i l i t i e s  P i ( t )  
s a t i s f y  a set  of s imul taneous  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,  
which f o r  t h e  model of  F igure  4 w i t h  f i v e  machines (N=5) and 
th ree  o r  more repa i r  crews (M>3) - are g iven  below: 

P 5 ' ( t >  = -5AP5(t) i- P P 4 ( t )  

P 4 ' ( t )  = 5hP5( t )  - ( 4 x + v ) P 4 ( t )  + 2 v P 3 ( t )  

P 3 ' ( t )  = 4 A P 4 ( t )  - ( 3 A + 2 ~ ) P ~ ( t )  + 3VP,(t) 

P , ' ( t )  = 2 X P 3 ( t )  - ( 2 h + 3 v ) P 2 ( t )  

P * ' ( t )  = A P 3 ( t )  + 2 X P 2 ( t )  

where P i ' ( t )  d e n o t e s  t h e  t ime d e r i v a t i v e  of  P i ( t ) .  

P5(0) = 1 as an i n i t i a l  c o n d i t i o n  y i e l d s  t h e  f o l l o w i n g  r e l a t i o n  
i n  m a t r i x  form: 

Taking Laplace  t r ans fo rms  of these  e q u a t i o n s  w i t h  

w i t h  

M ( s )  = 

L(s) = 

s+5 x - P  0 
O 1  

0 

-5 A 4 A+P+S -2 P 0 0 

0 -4 A ~ A + ~ P + s  -3 lJ 0 

0 0 -2 A 

0 0 - A  -2 

0 2 x+3 P+S 

S 
a - 

6 =  
¶ I; ; and L i ( s )  = L [ P i ( t ) ]  

*See for example "The R e l i a b i l i t y  of  Some Simple  Redundant, 
Repai rab le  Sys tems,"  Bellcomm T e c h n i c a l  Memorandum, TM-64-2131-1, 
J anua ry  28, 1964, by I. D .  Nehama. 
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T h i s  sys tem may b e  s o l v e d  f o r  t h e  t r a n s f o r m s  L i ( s )  

u s i n g  s t a n d a r d  m a t r i x  t e c h n i q u e s .  A f t e r  c o n s i d e r a b l e  a l g e b r a  
one o b t a i n s :  

where 

A ( s )  = 2 0 h 3 ( s + 6 ~ + 3 p )  
B ( s )  = s [ s  4 t ( 1 4 x t 6 p ) s 3  t (71X2+49Xp+11p 2 2  ) s  

Now e q u a t i o n  C-2 may b e  w r i t t e n  

R ( t )  = 1 - L-l[L,(s)] 
The i n v e r s e  t r a n s f o r m  of L,(s), i . e . ,  P , ( t )  may be  found b y  a 
p a r t i a l  f r a c t i o n  expans ion  o f  ~ ( s ) :  

3 + K 4  - -  K O  K1 K2 + 
( s  - s3) 

K 

(s - s4) s ( s  - s * )  
- 

A s  

w e  may w r i t e  R ( t )  d i r e c t l y  (assuming r e a l ,  d i s t i n c t  r o o t s  f o r  
B ( s ) )  as: 

s t  S 4 t '  
R ( t )  = - lKle t K 2 e  s2 t  + K e + K 4 e  (c -3)  

slt 
3 

A s  t he  r o o t s  of B ( s )  are ve ry  d i f f i c u l t  t o  o b t a i n  
a l g e b r a i c a l l y ,  t h e y  were o b t a i n e d  n u m e r i c a l l y  u s i n g  t h e  v a l u e s  
c h a r a c t e r i s t i c  of t h e  RTCC namely, a mean t i m e  t o  f a i l u r e  ( 1 / A )  
of  70 hours  and a mean t ime t o  r e p a i r  ( 1 / p )  of 2 h o u r s .  The 
s o l u t i o n  y i e l d s  t he  pa rame te r s  o f  e q u a t i o n  C-3 as:  



t 
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K1 =-1.000295 ; s 1 = -0 .103448*10-3 h r s - l  

K2 = 0.384316*10-3 ’ s2  = -0.518470 h r s - l  

= - 0 . 8 8 0 6 1 2 * 1 0 - ~  - = -1.069435 h r s - l  

K 4  =-0.993931-10-6 , - s4 = -1.611992 h r s - l  
K3 ’ s 3  

L e t  t h e  r e l i a b i l i t y  f u n c t i o n  f o r  t h e  model of 
F i g u r e  4 f o r  a r b i t r a r . y  N be denoted  as R ( t , N ) .  
o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  

I f  t h e  r o o t s  

I M ( s )  I = 0 

are r e a l ,  n e g a t i v e  and d i s t i n c t  w e  may w r i t e  

S o l u t i o n s  f o r  R( t ,N)  f o r  N = 2 ,  3, and  4 have been found 
i n  a d d i t i o n  t o  t h e  s o l u t i o n  f o r  N = 5 g i v e n  above. 
v i r t u a l l y  by i n s p e c t i o n ,  

F o r  N = 2 ,  

- 2 X t  R ( t , 2 )  = e 

For  N = 3 and 4 ,  t h e  pa rame te r s  a p p l i c a b l e  t o  Equa t ion  (C-4) 
.are g i v e n  i n  T a b l e  C 1  below. 

N = 3  N = 4  

1 .0014  K1 

K 2  

K2 -0.140*10-2 

~ ~~ 

1 . 0 0 2 8  

-0.276*10-2 

0 .193  

S 1 -0.1504 010-l h r s - l  -0 .1506 h r s - l  

s2 -0.5564 h r s - l  -0 .5428 h r s - l  

s3 -1.0842 h r s - l  

Parameters of  R ( t , N )  ( E q .  C-4) f o r  N = 3 and 4 ;  
1/X = 70 f a i l u r e s / h o u r ,  and l / p  = 2 r e p a i r s / h o u r  

T a b l e  C - 1  



- 5 -  B E L L C O M M ,  INC. 

From t h e  s t r u c t u r e  of  M ( s )  w e  obse rve  

which s u g g e s t s  t h a t  if t h e  s p e c t r a l  sequence of  Equat ion  C - 4  
( {s i ) )  i s  p l a c e d  i n  numer i ca l ly  decending  o r d e r ,  i . e . ,  

( S i )  = SI, ’ %-1 ’ s 2 ,  >.... 

i t  w i l l  be  a s y m p t o t i c t o  t h e  sequence 

0, - P ,  - 2 p , . . . ,  - ( N - 2 )  p 

as X - t O .  From t h i s  r e s u l t ,  and t h e  c a s e s  c o n s i d e r e d  above 
w e  c o n j e c t u r e  t h a t  i n  g e n e r a l  ( f o r  X < <  p ) ,  R ( t , N )  i s  
dominated by t h e  f i r s t  term of  ( C - 4 ) ,  and may be approximated 
by 

+ t 
3 

and t h e r e f o r e  t h a t  

T h i s  s u g g e s t s  t h a t  a u s e f u l  approximat ion  t o  
R ( t , N )  f o r  h < < p  and any N i s  

* -t/MTF ( N )  R ( t , N )  = e (c-7)  

i . e . ,  t h e  sys tem behaves  as though i t  c o n s i s t e d  o f  a s i n g l e  
e lement  w i t h  t h e  a p p r o p r i a t e  MTF. Moreover, i t  can  be  shown 
from t h e . f o r m  of t h e  Laplace  t r a n s f o r m  o f  R ( t , N )  t h a t :  

* 
R ( t , N )  I t = O +  ’ R ( t , W  I t = O +  f o r  N24. 

Also f rom ( C - 5 )  and (C-6)  i t  can  be shown t h a t  

R ( t , N )  = R * ( t , N )  a t  t ‘L MTF. - 
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T h u s ,  w i t h  t h e  a s s u m p t i o n s  made, R * ( t , N )  p r o v i d e s  a l o w e r  bound 
t o  t h e  s y s t e m  r e l i a b i l i t y  ove r  t h e  r a n g e  0 < t < QJMTF, and  
r e q u i r e s  o n l y  c o m p u t a t i o n  of  t h e  s y s t e m  MTF, 
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A = 1/70 FAILURESIHR. 
= 1/2 REPAIRS/MR. 

N = TOTAL NUMBER OF 
MACH I I E S  

0 
0 

TIME (HOURS) 

FIGURE 5 - RTCC RELIABILITY ( R ( t ) )  FOR SIMULTANEOUS SUPPORT 
OF TWO CRITICAL MISSION PHASES 


